An Al-Assisted Proof in Spectral Geometry

Jonas Henkel
Joint work with Emilio A. Lauret

Philipps-Universitdt Marburg

GSTWO07: Al in Spectral Geometry

Isaac Newton Institute for Mathematical Sciences, Cambridge
20 April 2026



The Hodge Laplacian

and its first eigenvalue



MOTIVATION

Framework:

* Let (M, g) be a closed Riemannian manifold, A, = dé + od be the
Hodge-Laplacian acting on p-forms.

 Outside of (locally) symmetric spaces, explicit full Hodge spectra
(where p # 0) are very rare, as they are difficult to compute.
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Our Specific Goal: Homogeneous 3-Spheres

+ General left-invariant metrics g, on S* = SU(2).

» How does the spectrum reflect the geometry? Does it uniquely
determine the isometry class?

» Status: Solved for functions (p = 0). Open for p > 0 (where it
suffices to consider p = 1 due to Hodge duality).



Exploiting the symmetries: Representation theory

« By the Peter-Weyl Theorem for S® = SU(2), the space of 1-forms
decomposes into irreducible representations (o(k), Vi):

L2(A\'T*S?) = @ Vi @su(2)s ® Vi
eSU( )

» Consequence: The operator A, reduces to a family of
finite-dimensional matrices Agk), indexed by the highest weight k.
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INTERMEDIATE SUCCESS & THE BOTTLENECK

Berger Spheres (b = ¢):

+ Successfully diagonalized the matrices Agk).

+ The spectrum reflects the bundle curvature of the Hopf
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The Bottleneck: General Metrics (a # b # )
» The loss of symmetry drastically increases the number of
non-zero off-diagonal entries.

» Consequence: Finding the global minimum \; analytically
became intractable.



THE RESEARCH WORKFLOW

To bypass this analytical difficulty, we combined exact low-weight
calculations with numerical methods:

Precise Spectrum for Asymptotic Growth
Low Weights (k < 1) (O(K*) Gershgorin)

Full Spectrum Monte Carlo Stress Test
of Berger Spheres (b = ¢) (Generic parameters)

\ /

First Eigenvalue Conjecture
forgenerala # b #




THE FIRST EIGENVALUE CONJECTURE

Based on this workflow, we formulated the following:

Conjecture (H., Lauret 2025)

For any homogeneous metric g, ) on SU(2), the first non-zero
eigenvalue of the Hodge-Laplacian on 1-forms is exactly given by:
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Status: While numerically highly plausible, a rigorous abstract proof
for the general asymmetric case (a # b # c) eluded us for over a year.

Just before submitting our manuscript, we decided to run a final test
using a newly released frontier LLM.
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* Model: ChatGPT 5.4 Pro (Premium tier, $200 per month, limited
to 15 prompts).

* Input: We provided the mathematical setup via one single
prompt.

» Process: The model reasoned completely autonomously for
about 100 minutes.

The Result
Surprisingly, it generated an elegant and flawless abstract proof for
our conjecture.

Corollary: A;-Isospectral = isometric.



THE GEOMETRIC SHORTCUT

Crucially, the Al bypassed the representation theory entirely.



THE GEOMETRIC SHORTCUT

Crucially, the Al bypassed the representation theory entirely.

Step 1: The Curl Operator
Noting that p = 1 and n = 3, it introduced a self-adjoint curl operator

for coexact forms:

Curly = #od, Ay = Curl;

coexact



THE GEOMETRIC SHORTCUT

Crucially, the Al bypassed the representation theory entirely.

Step 1: The Curl Operator
Noting that p = 1 and n = 3, it introduced a self-adjoint curl operator
for coexact forms:

Curly = #od, Ay = Curl;

coexact

Step 2: The Transformation
It defined a clever diagonal transformation T to reduce the problem to
the standard round metric go (Wherea =b =c =1):

Curly = abe T~ Curly,



THE GEOMETRIC SHORTCUT

Crucially, the Al bypassed the representation theory entirely.

Step 1: The Curl Operator
Noting that p = 1 and n = 3, it introduced a self-adjoint curl operator
for coexact forms:

Curly = #od, Ay = Curl;

coexact
Step 2: The Transformation

It defined a clever diagonal transformation T to reduce the problem to
the standard round metric go (Wherea =b =c =1):

Curly = abe T~ Curly,

Step 3: Analysis
Through non-trivial estimates and the known first eigenvalue of the
round sphere, it rigorously established the lower bound.



The Reality Check

Attribution and Motivation
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THE ORIGIN OF THE IDEA

We were amazed by the elegance of this proof. But where did the Al
get the idea? A deep dive into the literature revealed:

» Gibbons (1980) had already computed the spectrum of the Curl
operator on Berger 3-spheres (b = ¢) in a physics context:
"Spectral Asymmetry and Quantum Field Theory in Curved Spacetime"

» Capoferri & Vassiliev (2023) explicitly analyzed this Curl-operator
spectrum on Berger 3-spheres in their study of eta invariants on
3-manifolds.

» The model likely had these papers in its training data or found
them online. The idea is not as novel and original as we initially
thought.

It didn’t cite the sources or explained its motivation for choosing
this specific path.
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We extracted the Al’s internal Chain of Thought log to understand its
"geometric intuition".

Expectation: A structured, conceptual geometric deduction.
Reality: A long sequence of algebraic grinding, trial-and-error, and
absurd tangents.

Excerpts from the Al’'s internal log (translated):

« "l am looking at the J; matrices for the cross product to create a tridiagonal
form..." (Pure trial & error)

» "Here, a block-diagonal structure is being developed to efficiently analyze the

couplings between variables, especially with Michelangelo..."
(Somewhat unrelated)

= "l am looking at the current discount offers to get an overview of the best
options." (Absurd distraction!)

Conclusion: The CoT is not a transparent reasoning process. ltis a
stochastic search through latent space. We still do not know what
literature and ideas were used to develop the argument.



Beyond the Black Box

Lessons for Al in Pure Mathematics



THE HELICOPTER EFFECT

“Al tools are like taking a helicopter to drop you off at the site. You

miss all the benefits of the journey itself. You just get right to the

destination, which actually was only just a part of the value of solving
these problems.”

— Terence Tao (February 2026)
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THE REALITY OF THE "HELICOPTER"

« The Destination: A formally correct, perfectly written proof.

* Missing the Journey: The human motivation behind the curl
operator and the transformation T remained entirely opaque.

» The Black Box: Even with "Chain-of-Thought" logs, we cannot

tell if the model came up with a new approach or merely retrieved
uncredited training data.

Correct output is not enough. For Al to be a true research
partner, we need complete transparency regarding the origin
and logic of its ideas.
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THE ROAD AHEAD

The Potential

Advanced LLMs have to potential to overcome algebraic barriers and
act as good reasoning assistants in pure mathematics.
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THE ROAD AHEAD

The Potential

Advanced LLMs have to potential to overcome algebraic barriers and
act as good reasoning assistants in pure mathematics.

The Challenge

To turn these "oracles" into transparent research partners, we must
move beyond generating correct answers. We need systems that:

+ Capture the actual discovery process.
» Ensure proper attribution of ideas.
» Explain the motivation behind mathematical steps.
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Thank You

Jonas Henkel
henkelj@mathematik.uni-marburg.de

Preprint: "Hodge Laplacian on 1-forms of homogeneous 3-spheres”
J. Henkel, E. A. Lauret (Forthcoming)



EIGENVALUE TYPES OF Al,(k)

1. Type: Spectrum of functions, linear in 4> and b*:

vej o= D(k(k +2) — (k — 2j)?) + a*(k — 2j)2,

fijes1 = p—1 = (k +2)%a

Mk = Mk, = K*a? + 4kb* + 42—;1

They satisfy the relation 1 > vi; > ;.

2. Type: Eigenvalues of the fibre Laplacian A‘()Sl .t

0<j<k

3.Type: Sum of terms proportional to a?, b> and 1/a?:

4* Type: Involving v ; and the norm of bundle curvature

u,fj: (Voj+r £ \/E)Z, k= b*/a?
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Figure 1: Full spectrum depending on a with b = ¢ = 1 fixed
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Eigenvalues for k = 13
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Figure 8: Spectrum.
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All Eigenvalues for k = 0 to 8
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Figure 10: Full spectrum depending on a with b = ¢ = 1 fixed: Bundle
structure. Fora >> 0: s > pi > ,u,jf]. > Vij > o for1 <j<k-1
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